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In previous work on the quantum mechanics of an atom freely falling in a general curved back- 
ground spacetime, the metric was taken to be sufficiently slowly varying on time scales relevant to 
atomic transitions that time derivatives of the metric in the vicinity of the atom could be neglected. 
However, when the time-dependence of the metric cannot be neglected, it was shown that the Hamil- 
tonian used there was not Hermitian with respect to the conserved scalar product. This Hamiltonian 
was obtained directly from the Dirac equation in curved spacetime. This raises the paradox of how 
. it is possible for this Hamiltonian to be non-hermitian. Here, we show that this non-hermiticity 

results from a time dependence of the position eigenstates that enter into the Schrodinger wave 
function, and we write the expression for the Hamiltonian that is Hermitian for a general metric 
when the time-dependence of the metric is not neglected. 
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I. INTRODUCTION 



In [l[ and Q , a one-electron atom was investigated as a probe of the curvature of a general spacetime. If the curvature 
near the atom is sufficiently strong, then the spectrum of the atom can reveal properties of the Riemann tensor at 
the position of the atom. To calculate the shifts in the energy eigenvalues of the atom by means of perturbation 
theory, a conserved scalar product suitable to the Dirac equation in a general curved spacetime was defined in [lj. 
This scalar product was based on a generally covariant current introduced by Bargmann Q in developing the theory 
!— 1 , of the curved-spacetime Dirac equation obtained by Schrodinger [4] . The Hamiltonian for the one-electron atom was 
found in [l[ directly from the curved-spacetime Dirac equation. Assuming that the rate of change of the spacetime 
curvature in the vicinity of the atom was negligible relative to the transition rates associated with the atom, that 
Hamiltonian was found to be hermitian with respect to the conserved scalar product, and the shifts in the energy 
\ eigenvalues were obtained in terms of the Riemann tensor at the position of the atom. 
Cn| ■ In [H, it was also found that if the time dependence of the metric can not be neglected, then the expression for 
the Hamiltonian coming directly from the curved-spacetime Dirac equation will violate hermiticity in a specific way. 
I . This raises the questions: Why does this non-hermiticity arise, and is there an hermitian Hamiltonian for a general 
t-H ' curved spacetime having non-neglible time dependence? 

Here, we show how to generalize the Hamiltonian of [l[ so that it becomes exactly hermitian without neglecting the 
■ time-dependence of the metric. The key is to consider the Hilbert space structure of the quantum mechanics of the 
Dirac electron. We find that the problem with hermiticity that arises when the metric is varying with time results 
from a subtle time dependence of the basis states \x) (i.e., the eigenstates of position). Once this subtlety is taken 
into account, we are able to obtain an expression for the Hamiltonian of the Dirac fermion that is exactly Hermitian 
in a general curved spacetime having an arbitrary space- and time-dependent metric. 

The results found in [l[ for the perturbed spectrum of the atom are not affected, but now it is possible to explore by 
means of perturbation theory in curved spacetime quantum mechanical effects on bound systems, such as molecules 
and atoms, that may result from significant time-dependence of the Riemann tensor. It would be interesting to 
determine if such effects could be observed. 

II. HAMILTONIAN OF A SPIN-1/2 PARTICLE IN A CURVED BACKGROUND 

The Dirac equation in curved spacetime is 

(-f{x)V» + m)il>{x) = Q, (1) 

where the 7^(2;) matrices are defined by 

7 Y + 7 y = 2r. (2) 



The covariant derivative of the spinor ip(x) is 

V^(x) = (0„ - T^(x), (3) 
where is the spinor affine connection. The spinor covariant derivative of 7j/(x) is 

= d^Jy - r A M „7A - V^Jy + JyTp = 0, (4) 

which must vanish so that the covariant derivative of the metric will be 0. 
A convenient representation of the matrices 7^(2) is 

f{ X ) = b a »{ x )r, (5) 

where 6 a M is the vierbein (often denoted by e a M ) defined by g^ = b^bh 'f] at ', and the 7 are the flat spacetime 
gamma- matrices, satisfying 7 a 7 fc + 7 b 7 a = 2r) ab . We use the conventions that the metric in Minkowski space is 
rjab = diag(— 1, 1, 1, 1) and therefore 7q = —70 and 7J = ji. The corresponding representation of the spinor affine 
connection is 

T M - -\laH>b\g" x b\^ + iqA^. (6) 

The ";" here acts on the vierbein as a curved-spacetime vector 

b\ ; ^d,b\-T^b» p . (7) 

Here, A p is the electromagnetic vector potential. For the atom is important, but in considering the Hermiticity of 
the Hamiltonian we can set A p = because it does not contribute to the non-Hcrmiticity. Therefore, in the following 
discussion, we will set A p = 0. 

It is possible to interpret ^p(x) as the wave function of a spin-1/2 particle moving in curved spacetime. In Dirac 
notation pj, it is (x\ip). We will take a closer look at that later. The scalar product for the wave function is defined 
tobeQ, 

(0,^) = - / d 3 x^^(x) 7 ° 7 °(x)ij(x). (8) 



It is straightforward to rewrite the Dirac equation Eq. ([!]) in the form of a Shrodinger equation, 

i j^(aO = W(x\ (9) 

where H is given by 

H = -ig 0Q ~ 1 'f'f Vi + iT - ig^fm. (10) 

However, as mentioned in the Hamiltonian defined in this way is not hermitian when the metric explicitly depends 
on the time t. One finds that 
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{ct>,m)-{H<t>^) = 



WHOTrVYVi + iro 



d A x^/^g 



= Id 3 



d 3 " 



- i^t( 5/1 + r^)( 7 V)^ + i ^ t - 7 La (^7 7°)V' 



+^ f 7°ri7V + i0 t 7°r O 7V - i0 t 7°7 i r i V - ^ t 7° 7 r V' 



9 



(11) 



In obtaining the 3rd equality we used Eq. (J3j> , and to obtain the 4th and 5th equalities we used Eq. ((4|). In summary, 

d 



(0, HrP) - {Hcj>, 1>) = i I d 3 x<f>^°- (V=91°) 1>. (12) 

The right hand side of Eq. (|12p is generally nonzero. 

This apparent paradox concerning the non-hermiticity of H in fact comes from the definition of ip( x )- It is defined 
as (x\tp) (where x denotes the spatial coordinates). We must require that 

(<^> = (<^)> (13) 
where (</>, i/j) is the conserved scalar product defined in Eq. ||5J). It follows that the complete bases \x) actually satisfies 

d 3 x\x)v^g~ 1 1 °(x)(x\ = 1. (14) 



Therefore, when \J—g depends on time, so does \x) = \x,t). As a result, 

i^- t (x,t\i>) ^ i(x,t\ (§- t Wj = {x,t\n\i>), 



(15) 



where H. is the hermitian Hamiltonian in the Schrodinger dynamical picture in the abstract Hilbert space. It is the 
operator that satisfies 



i^)=H\i>). 



(16) 



Note that the left-hand side of Eq. (fT"5)) is what appear on the left of Eq. @. In other word, the H (defined 
in Eq. (|10p ). which is on the right-hand side of Eq. (JH]), is not quite the Hamiltonian in the Schrodinger or 
configuration-space representation when the metric depends on t. 



Let us find the matrix elements (x, t\H\x', t). One can show from Eq. (TT4]) that 



(17) 



Taking the conjugate, we have 



Of 



d &t\ = -i(^ 7 o/( a; ))t- 1 |(^ 7 o I o W )t (f)t | 

d_ 



(18) 



Here we used the fact that 7°7°(a;) is Hermitian. It is then easy to see that the completeness relation of Eq. (fT4]) is 
independent of time. We also have 



(rr(i)) = 



7°(^)7° 



(19) 



So the Hamiltonian H satisfying the condition (ip, H(f>) — (Hip, (f) is 

.17°(»)7° d 



H 



2g 00 y/=g~dt 
.I 7°(g)7° d 



(^7°7°(*)) - ig 00 - 1 ! !^* + *r - ^.g 00 - V 



m 



(20) 



It thus follows that H is Hermitian (with the use of Eq. fl!2[l) for a general metric. The matrix elements of TC satisfy 
the relation 



(x,t\H\x',t) = H6(x-x' )(y/=gT\ 
with H being the operator given in Eq. (|20|) . 



(21) 



If we are dealing with a one-electron atom, the spinor affine connections will contain the vector potential of the 
electromagnetic field, but the derivation is unchanged. Let us consider the effect of the time dependence of the 
Riemann tensor on the spectrum of the atom. The Hamiltonian H of Eq. (|20p reduces to H if the time dependence 
of the metric can be neglected, as was the case in [l|. For rapidly changing gravitational fields the additional term is 
needed to enforce Hermiticity. 

In the Fermi normal coordinates along the geodesic of a bound system such as an atom, the difference, H — H , 
given by Eq. (120|) must vanish on the geodesic because it involves only the first time-derivative of the curvature. 
Furthermore, for small distances from the geodesic, this difference, H — H, is not vanishing, but it is of higher order in 
^ (where ao is the atomic size and r is a characteristic length or time scale of the background spacetime) compared 
to the other terms in H. This can be seen by dimensional analysis from the Hamiltonian H that is given in Fermi 
normal coordinates in [l[. Therefore, when ^ < 1 the difference between H and H can be neglected. Similarly, when 

<C 1, it is also possible to use H with time-dependent perturbation theory to calculate transition rates induced by 
the Riemann tensor along the path of the atom. 



III. CONCLUSION 



We have revisited the quantum mechanics of a one-electron atom in an arbitrary curved background. We addressed 
the following problem. The operator H, which appears on the right-hand side of Eq. ([9]), idttp(x) — Hip(x), is not 
hermitian with respect to the curved-spacetime scalar product. But Eq. ((9]) was obtained directly from the Dirac 
equation in curved spacetime, so why is H not Hermitian? We resolved this apparent paradox in the following way. 
We started from the fundamental Schrodinger equation idt\il>} = H.\ip) of Eq. (fTB]). where the operator H is Hermitian. 
From the completeness relation, Eq. (fT4]) , we showed that the eigenstates of position that span the Hilbert space must 
depend on time as well as spatial position: \x,t). The wave function ip( x ) is defined as (x, t\ip). By applying (x,t\ 
from the left to Eq. (fT6|) . we found that the position-space representation of Ti is given by Eq. (f2Tj) . The differential 
operator H that appears in this representation is Hermitian with respect to the curved-spacetime scalar product. 
However, the time derivative of (x,t\ in the wave function gives an additional terms in H that does not appear in 
H. Thus, we see why Eq. © is correct, but does not involve the Hermitian operator H . We have also discussed the 
circumstances in which H is effectively hermitian and can be used to do perturbation theory to find shifts in energy 
levels and transition rates. 
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APPENDIX A: FRW METRIC 



As a simple example, consider a general Robertson- Walker metric given by 

ds 2 = -dt 2 + a 2 (t)(dx 2 + dy 2 + dz 2 ). 

For this metric, one finds [f| that 



1 



1 



7 U , 7 ' = a(t)-V, r = o, r i = ^d(t) 7 V 



(Al) 



and the curved spacetime scalar product looks like that in Minkowski space, except for a factor of a(t) 3 . In the present 
case, the T° term in H does not appear, and the term —ig 00 j°m is the same as in flat space time. Therefore, the 
only part that may be non-Hermitian is the i that comes from the covariant derivative 

The other term from the covariant derivative, di is Hermitian because di commutes with 7*. So we have 



(A2) 



which reduces to 



.d(t) 



{4>,Hil))-{H<t>,il>) = -3t d 6 xyf=g~<P -±J-ip 



a(t) 



d 



1 I d^^-i^g^ix))^. 



(A3) 



So we can see H is indeed non-Hermitian and the violation of hermiticity is given by Eq. (|12[) . Therefore the operator 
H defined in Eq. (|20p is hermitian in this spacetime. This agrees with the result in [6(, which deals with a cosmological 
metric. 
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